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Abstract Using a new method (Pickl in A simple derivation of mean field limits for quan-
tum systems, 2010) it is possible to derive mean field equations from the microscopic N
body Schrédinger evolution of interacting particles without using BBGKY hierarchies.

In this paper we wish to analyze scalings which lead to the Gross-Pitaevskii equation
which is usually derived assuming positivity of the interaction (Erdos et al. in Commun.
Pure Appl. Math. 59(12):1659-1741, 2006; Invent. Math. 167:515-614, 2007). The new
method for dealing with mean field limits presented in Pickl (2010) allows us to relax this
condition. The price we have to pay for this relaxation is however that we have to restrict
the scaling behavior of the interaction and that we have to assume fast convergence of the
reduced one particle marginal density matrix of the initial wave function ¥ to a pure state

l%o) (g0l
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1 Introduction
We are interested in solutions of the N-particle Schrodinger equation
iV, = HyWwh 1
with symmetric W9, we shall specify below and the Hamiltonian
N N
Hy==Y A+ > wjhG@—x)+Y Al(x) )
j=1 1<j<k<N j=1

acting on the Hilbert space L>(R*"). 8 € R stands for the scaling behavior of the interaction.
The vf, we wish to analyze scale with the particle number in such a way that the interaction
energy per particle is of order one. We choose an interaction which is given by

P. Pickl ()
Institute of Theoretical Physics, HIT K 12.3, Wolfgang-Pauli-Str. 27, 8093 Ziirich, Switzerland
e-mail: pickl @itp.phys.ethz.ch

@ Springer


mailto:pickl@itp.phys.ethz.ch

Derivation of the Time Dependent Gross-Pitaevskii Equation 77

Assumption 1
vf,(x) =N~y (NPx)

with compactly supported, spherically symmetric v € L™.

The trap potential A’ does not depend on N. Hy conserves symmetry, i.e. any symmetric
function W}, evolves into a symmetric function W} .

Assume that the initial wave functions \IJR, ~ ]_[7: 1 % (x ;) where ¢° € L*(R%) and that
the Gross-Pitaevskii equation

i9' =(=A+ A" +al' )¢’ 3)

with @ = [ v(x)d>x has a solution. We shall show that also W}, ~ ]_[;V:1 @'(x;) as N — oo.

Derivations of the Gross-Pitaevskii equation are usually based on a hierarchical method
analogous to BBGKY hierarchies [1, 2] where positivity of the interaction is assumed. The
focus of this paper is on interactions which need not be positive. The price we have to pay
is that we have to assume comparably fast convergence of the reduced one particle marginal
density matrix of the initial wave function p¥o to a pure state |@g) {¢o|. Furthermore we have
to restrict the scaling behavior of the interaction to 8 < 1/6.

As it seems one needs these assumptions not only for technical reasons. Without positiv-
ity condition on the interaction there might be regimes where the Gross-Pitaevskii descrip-
tion breaks down: Assume for example that the unscaled interaction v is negative inside
some ball of radius R, but positive outside this ball such that the scattering length of the
scaled potential is positive. The ground state energy of such a system tends to minus infinity
as N — oo: Put all particles in a box of diameter RN ~#. The interaction energy per parti-
cle is then negative and of order N* and dominates the kinetic energy per particle which
grows like N2#. One expects that the clustering of particles may also lead to a different
dynamical behavior of the reduced density of the N-body problem and the solution of the
Gross-Pitaevskii equation, nevertheless a rigorous treatment of that question has never been
given.

Assuming a high purity of the initial condensate (i.e. fast convergence of 1*° to o) (¢ol)
and moderate scaling behavior of the interaction clustering of the particles can be avoided
and the Gross-Pitaevskii description stays valid.

Yo

2 Counting the Bad Particles

‘We wish to control the number of bad particles in the condensate (i.e. the particles not in the
state ¢') using the method presented in [5]. Following [5] we need to define some projectors
first which we will do next. We shall also give some general properties of these projectors
before turning to the special case of deriving the Gross-Pitaevskii equation.

Definition 1 Let ¢ € L>(R%).
(a) For any 1 < j < N the projectors p¥ : L*(R*) — L*(R*V) and ¢f : L*(R*") —
L>(R?M) are given by

PN Zw(xj)/w*(xj)\lfw(m,--.,xN)d3xj YWy e L*R)
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78 P. Pickl

and ¢f =1 — p¥.
We shall also use the bra-ket notation p_‘f =|o(x)) (@)l
(b) For any 0 < k < N we define the set

N
A =13 (ai,az,...,ay) :a; €{0,1}; Za_,» =k
Jj=1
and the orthogonal projector P acting on L?(R*") as
x 1
pr= ) 1)) (@)
acAy j=I1

For negative k and k > N we set P’ :=0.
(c) For any function f :{0,1,...,N} - R} we define the operator f% : L*(R*") —
L2>(R3M) as

N
=) fGHPL. @

j=0
We shall also need the shifted operators f;’) : L2(R3N) — L?(R?M) given by

N—d
=3 fG+aPy.
j=—d

Notation 1 Throughout the paper hats ™~ shall solemnly be used in the sense of Defini-
tion 1(c). The label n shall always be used for the function n(k) = /k/N.

With Definition 1 we arrive directly at the following lemma based on combinatorics of
the p¥ and ¢{:

Lemma 1

(a) For any functions f,g:{0,1,...,N} — ]Rar we have that
rR=1et =g Fel=p1 FUR=PRFY

() Letn:{0,1,...,N} —> Rg be given by n(k) := /k/N. Then the square of n* (c.f. (4))
equals the relative particle number operator of particles not in the state @, i.e.

(c) Forany f:{0,1,...,N} — R and any symmetric ¥y € L*(R*V)
1% Uyl = | F77* Wy %, )

17 @) 2wy 2. (6)

Foa2al Wyl <
197 g, ¥nl =N
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(d) For any function m : {0,1,..., N} = R, any function f :R® — R and any j, k =
0,1, 2 we have

Of f (x1,x2) Q%m* = Qi’_y f (x1,x2) QF,
where Qf = p{ps, O := p{q3 +qf p§ and 0% :=q{q5.
Proof

(a) follows immediately from Definition 1, using that p; and ¢; are orthogonal projectors
(b) Note that [J_g A = {0, 1}V, so 1 = Y P¢. Using also (¢{)* = ¢ and ¢{ p{ =0
we get

N N N N N N
IS MO R W LR W
J k=1 Jj=0

k=1 k=1 j=0 j=0
and (b) follows.
(c) Let (-, -) be the scalar product on L2(R3"). For (5) we can write using symmetry of Wy
N
I FoRo Wy 1P = (W, (F9)20) Wy Z (Wn, (F9 g7 Wy)
k=1
= (Wn, (F) g7 Wn) = (Wn, qf (F*)q! Oy

= 1/q{ ¥yl
Similarly we have for (6)

I 7% @) > Wy

N

= (U, (PP W) = N2 Y (W, (7920l W)
jk=1

N -1

=~ ——(Wn, (F2q g WN) + N7 (W, (F9)%q0 W)

N — by
= —Ilf“’ql GSYNl+ N g ey

and (c) follows.
(d) Using the definitions above we have

N
sz(xlsxz)Q?ﬁi(p = Zm(l)Qif(xl,X2)Q?P;p,
=0

The number of projectors ¢/ in each term in the sum representing P/ Q? in the coordi-
nates k =3,..., N is equal to ! — j. The p{ and ¢{ with k =3, ..., N commute with
f(x1,x2) and with Q%. Thus QF f (x1,x2) Q% P = P’ ;; OF f (x1,x2) Q% and

N
Of f(x1.x) Q%m? =Y “m() P!, Of f(x1.x2) QY

1=0
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80 P. Pickl

N+k—j
= > ml+j—kP QL f(x1,x)0"

I=k—j
= mf_ Of f (1, %) 0. O

3 Derivation of the Gross-Pitaevskii Equation

As presented in [5] we wish to control the functional ay : LZ(R*) x L*(R?) — Rg given
by

aN(\IJNﬂ gﬂ) = ("IJN5 ﬁTp\IjN)

for some appropriate weight m : {0, ..., N} — ]R(f.

As mentioned above we shall need comparably strong conditions on the “purity” of the
initial condensate to derive the Gross-Pitaevskii equation without positivity assumption on
the interaction. This is encoded in the weights we shall choose below (see Definition 2). For
these weights convergence of the respective « is stronger than u%~ — |@)(¢| in operator
norm (see Lemma 2).

Note that we shall allow rather general interactions (even negative interactions) and that
the theorem below is useless when the solution of the Gross-Pitaevskii equation does not
behave nicely. There is a lot of literature on solutions of nonlinear Schrodinger equation
(see for example [3]) showing that at least for positive @ = [ v(x)d*x our assumptions on
the solutions of the Gross-Pitaevskii equation can be satisfied for many different setups.

Definition 2 For any 0 < A < 1 we define the function m* : {1, ..., N} — R given by
k/N*, fork < N*;
A . ’ = >
m” (k) = { 1, else.

We define for any N € N the functional o}, : L>(R*) x L*(R®) — R{ by
ay(Wy, @) = (Wy, " Wy) = || (") > Wy,
With these definitions we arrive at the main theorem:

Theorem 1 Let O < A, 8 < 1, let v,tf, (x) satisfy Assumption 1. Let A" be a time dependent
potential. Assume that for any N € N there exists a solution of the Schriodinger equation
Wi, and a L™ solution of the Gross-Pitaevskii equation (3) ¢' on some interval [0, T) with
T e R* U {oo}.

Then for any t € [0, T)

W (W, 1) < o Cole Bads b (0 0y 4 (efé Colle"Ids _ 1)N5>~ sup K¥',

0<s<t

where §; = %max{l —A—48,38 — A, —14+ X1+ 38}, C, is some constant depending on v
only and

K?:=C, (1819171 + l@lloc + 1) 1@l oo

The proof of the theorem shall be given below.
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Derivation of the Time Dependent Gross-Pitaevskii Equation 81

Remark 1 For < 1/6 one can choose A such that §, is negative: Choose A =1—38 — &
for some & > 0. Then —1 + A + 38 = —£ is negative. Furthermore 1 — A —48 =& — 8 and
38 — A =& — 1 + 68 are negative for sufficiently small &.

3.1 Convergence of the Reduced Density Matrix

In [5] Lemma 2.2 it is shown that convergence of ay (Wy, ¢) — 0 is equivalent to conver-
gence of the reduced one particle marginal density to |@)(¢| in trace norm for many different
weights. The weights we use here are not covered by that lemma. Since m* (k) > k/N for
all 0 <k < N and all 0 < A < 1 it follows that a% (¥, ¢) > (Wy, %) Wy) (recall that
n(k) = /k/N). It follows with Lemma 2.2 in [5] that forall 0 < A < 1

lim ol (Wy,9) =0 = lim uY — |@)(¢p| in operator norm.
N—o00 N—oo

Therefore our result implies convergence of the respective reduced one particle marginal
density. To be able to formulate Theorem 1 under conditions of the reduced one particle
marginal density we have the following lemma

Lemma2 Let 0 < i <1,& <0andlet |u*V — |@){(¢lllop = O(N¥). Then

aly(Wy, @) = o(N' ),

Proof Under the assumptions [|1*N — @) (@], = O(N¥) it follows that
I WNI1P = (W, p{Wn) =tr p{ ™ = (g, u"V )
=1+ (o, (W™ — ) ehe) <1+ o(N%).

Using that p¥ and ¢ are orthogonal projectors and Lemma 1(c)

Nk
O(N®) = llgf Wy I* = (W, (1%)*Wy) = <<"I’N, Z NPk«;"IJN>>-

k=0

Since m*(k) < N'=*k/N for any 0 < k < N it follows that

N
ay (W, @) < N”<<\I/N, Z %P;”\I/N>> = o(N'7M),

k=0

O

As already explained this lemma allows us to formulate the theorem under conditions
of the reduced density matrix. With Lemma 2.2 of [5] (i.e. Lemma 2.3. of [4]) we can also
formulate the result in terms of p?.

Corollary 1 Let 0 < A, B8 < 1 be such that 1 — 1 — 48,38 — X and —1 + 1 + 38 are
negative. Let vfi, (x) satisfy Assumption 1. Let A" be a time dependent potential. Assume that
forany N € N there exists a solution of the Schrédinger equation W}, and a L™ solution of
the Gross-Pitaevskii equation (3) ¢' on some interval [0, T) with T € R™ U {oo} such that

T, . 0 _
Jo Ne*l%ds and supy_, 7 (1 Al@[* | + |l loo) are finite. Let || 1 — |¢°) (¢°[llop = O(N*1).
Then

. t
lim [|u*v = 19") (' llgp =0
N—oo

uniformin0 <t <T.
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82 P. Pickl

3.2 Proof of the Theorem

In our estimates below we shall need from time to time the operator norm || - ||, defined for
any linear operator f : L>(R3") — L2(R3"V) by

fllop:="sup [l f Wyl
Ieyli=1

In particular we shall need the following proposition

Proposition 1
(a) Forany f € L*(R%)
£ CeDPT lop < l@llocll £1I-
(b)
If Gt = x2)pY llop < l@lleoll £1I-
(c) Forany g € L'(R?)
1P g0t = x2)pY llop < @l llglh-

Proof
(a) Let f € L*(R®). Using the notation p¥ = |p(x1)){@(x1)|

IFepfll, = sup (0n pl )i ¥n)

= Sup (U, lpn)pCrl FAE)lp ) e

= (eI @Dlpxn)) ”\psunp 1((%/, lp(x)) (@) Wi )
=

= (P 2Dl (xn) “.I,SHII‘),I«\IJN’ PYN).

Using Holder the first factor is bounded by || f ||2||<p||§o. Since p‘f is a projector the
second factor equals one and (a) follows.

(b) Again writing p{ = |p(x1))(@(x1)]

If G = x)pflls, = sup [If (1 = x2) p{ Wyl

IWnl=1
= ”;uﬁl«%, PN @D (1 = x2)2l9(x) (@ (x1) [ ).
Using that
sup (p(x)lf () —x0)’le(x) < llels £ 117
sz]R
one gets

I f Cxy —x2>p‘f||§ps‘ sup TN P llZ 1P = el 011
W [I=1
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Derivation of the Time Dependent Gross-Pitaevskii Equation 83

(c) Let g € L'(RY).

Ip7g(x1 — x2) pYllop < 1PV 1g(x1 — x2)1 P llop
= 1p{V1g(x1 — x) V18 (x1 = x) 1P lop

< IVlgar —x)Ipfll7,-

With (b) we get (c).
O

We shall prove the theorem using a Gronwall argument. The idea behind the Gronwall ar-
gument is as follows: Assume one wants to show that some positive time dependent value—
let us say n'—is small for 7 > 0 knowing it was small at time ¢ = 0. This can be achieved by
showing that the time derivative of n°® is small for all times 0 < s < t. Following Gronwall’s
idea it is enough to control 5’ in terms of 7 itself and some other small value &: Assuming

' < C'(n' +e)
one gets that n' is bounded by the solution ¢ of

{'=C'¢ o).
The solution of this differential equation is

¢h=eld 0 4 (efé csds 1)8_
To get the estimates as stated in Theorem 1 it is sufficient to show that
lay (Wl @) < Collg' %0k (P, ¢') + K9 N°. @)
To shorten notation we use the following definitions:
Definition 3 Let
hjx = NN = Doj(x; —x) —aN|p*(x;) — aNlp[*(x).

We define the functional y} : L2(R*Y) x L*(R?) — R by
Vi Wy, 0) =23 ((n, @ =) prgah 2p1p20))
+3 (W, @ = ) q1g:h2p1 2 )

+23 <«‘IJN7 (fﬁi’f - ”/ﬁk’w)CIlqzhl,Zplqz\pN») .

v} was defined in such a way that for any solution of the Schrodinger equation W}, and
any solution ¢’ of the Gross-Pitaevskii equation &% (¥, ¢') = y& (¥4, ¢') (see Lemma 3
below). It is left to show that ¥ (W4, ¢) can be controlled by o} (¥}, ') and N ~° (which
is done in Lemma 4 below) to get (7) and—via Gronwall—the theorem.
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84 P. Pickl

Lemma 3 For any solution of the Schridinger equation V', any solution of the Gross-
Pitaevskii equation ¢' and any 0 < A < 1 we have

ay (W, o) =i (W, 0).

Proof Let

N

Hp =) —Ac+ A (x0) + alol* (x)
k=1

be the sum of Gross-Pitaevskii Hamiltonians in each particle. It follows that
—7 =i[HE,, 7] ®)
for any weight  : {0, ..., N} — R. With (8) we get
Gy (Wi, ¢f) = i@y, " HYY) — i (H WY " W)
+i (W, [Hop, Y 1WY)
= —i(Wy.[H — Hgp, ™" 1W}).

Using symmetry of W}, and selfadjointness of 4 ; it follows that

an (W, @) =—i(N> = N)™" " (W), [h, MY 19})
1<j<k<N

= —i (W, [y, M7 W) /2. ©)

Let us next establish a formula for the commutator. Remember the notation Qf := p¥ p5,
Y= plqf +q¢p¢ and QF := q¥q¢ from Lemma 1(d) and that ¥";_, Q¢ = 1. For any
function f:R? — R, any ¢ € L? and any weight 7 : {0, ..., N} - R

2 2
[f (1, x). 7 1= > OF fx1.x)7Y Q% — > Q7% f(x1.%2) QY

k,j=0 k,j=0

Lemma 1(d) gives

[f (1, 2), 7] = ) (7 =) O f (x1, %) QF

k
+ Y F =L f (12 O

k<j
+) 00 f 1 x) QUG =7 ).
k>j

The first summand is zero, the third is the adjoint of the second. Thus setting » = m* and
f(xl, )Cz) = h1,2 we get with (9)

iy (W 0') = D3 ((Wh G = ) 0f 207 Wh))

k<j
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Derivation of the Time Dependent Gross-Pitaevskii Equation 85

Using symmetry (recall that Q¥ = p¥q¥ + g! p%, thus it can due to symmetry be replaced
by 2p{q5) the lemma follows. O

With Lemma 3 (7) follows once we can control the different summands appearing in y3
in a suitable way. So the following lemma completes the proof of the theorem.

Lemmad4 Let vﬁ satisfy Assumption 1. Then there exists a C < oo such that for any ¢ € L™
with Alg|? € L?

@
(W, G — ) pl 2! pEUN) | < KON,
(b)
(@, G5 =" 9)qf g 2pt PS )| = Cllg o Wy, 9) + KPN*.
(©

(W, @ =g gl 2pfa Un)| < KON

with 8, and K% as in Theorem 1.

Before we prove the lemma a few words on (a) and (c) first: It is (a) which is physically
the most important. Here the mean field cancels out most of the interaction. The central
point in the mean field argument is observing that p¥g3 iy »pY p3 is small.

For (c) the choice of the weights m* plays an important role. Note that we only have
one projector p* here and g7 g5 h12p]q5 |lop can not be controlled by the L'-norm of v

(see Proposition 1). On the other hand we have altogether three projectors ¢ in (c). Using

Lemma 1(c) we will see that these projectors ¢{ in combination with the operator (n'iﬁ’f —

ii*#) make this term small: The operator norm of (%) (¥ — m*#) is of order N(3t%/2,

Proof In the proof we shall drop the indices A, N and ¢ for ease of notation. Constants
appearing in estimates will generically be denoted by C. We shall not distinguish constants
appearing in a sequence of estimates, i.e. in X < CY < CZ the constants may differ.

We will also use that the scaling of vff, is such that ||Ufi; i =a/N and ||v§ | < CN~1+3/28,

(a) In bra-ket notation p; = |@(x1)){@(x;)|. Writing » for the convolution we get for any
f:R*=>R
pif e —x2)pr = o) e )] f (xr — x2) e (x)) (@ (x1)]
= pi(f * o) (x2), (10)
in particular
p18(x1 —x2)p1 = pile(x)|.
With p;q, = 0 it follows that

P1g2h12p1p2 = Np1g2 ((N - 1)U£/(X1 —X2) — a|<p|2(x2)) pP1D2
= Npia> (N = DV (v1 = x2) — ab(x1 = x2)) p .
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86 P. Pickl
Using this and triangle inequality the left hand side of (a) is bounded by
NI(W, (1 =) prg2(N vy (x) = x2) = ad(xy = x2)) pi p2 W)
+ NIV, () =) pig2vy (1 = x2) p1p2¥) . (1)

To control the first summand we define the function f ,’3 :R3>— R by
AfE = Nvb —as.

Recall that v is compactly supported. Since N [ v(x)d>x = a the integration constant of
fzg can be chosen such that also f ]6 has compact support. Using the scaling behavior of

vf, it follows that
fA=NPFNPx) and (I =N f D
Now we can estimate the first summand in (11) using (10)
NI, @y =) prazAfi(x1 = x2) p1 2 ¥)]

= NI(W, (i — ) p1ga(AFE) % [9?) (x2) pr p2 W)
= NI(W, (i_ — ) prga(ff * (Al (x2) p1 p2 W)

Since || p1 p2 V|| < 1 one gets with Proposition 1(a)

< NGy — )@@ * (Ale) (x2) pallop

< NG — g 115 * (AleP) 1 llco-

In view of Lemma 1(b) we have using symmetry of W for the first factor

(M- — M)V | = ||y — m)n¥|| (12)
k—1 k _
< sup QW b Jk/N) = (N*N)~'72,
0<k<N*

Using Young’s inequality we have for the second factor
15 * (AleDI < 1AL ALl < CN | Al
It follows that the first summand of (11) is bounded by
CllAI@P @ looN 4472, (13)

Using Schwarz inequality, then Proposition 1(c) and (12) the second summand of (11)
is smaller than

Ny — g2 ¥l prvfy (21 = x2) i llop
< N||(i_ — g% llvk L llgl% < CIN*N) T2 |lg%..

@ Springer



Derivation of the Time Dependent Gross-Pitaevskii Equation 87

(b) We use first that g;g,w(x;) p; p» = 0 for any function w. It follows with Lemma 1(d)
that

(W, (@Y — m*)qiqahi 2p1 p2 V)

= (N2 = N)(W, qiqa (5 — i) V20l (x) — x2) (1 — 7112) /21 pa W) (14)

Before we estimate this term note that the operator norm of g;¢» v,’f, (x1 — xp) restricted
to the subspace of symmetric functions is much smaller than the operator norm on full
L?(R3M). This comes from the fact that vg (x; — xp) is only nonzero in a small area
where x; & x;. A non-symmetric wave function may be fully localized in that area,
whereas for a symmetric wave function only a small part lies in that area. To get suf-
ficiently good control of (14) we “symmetrize” (N — l)vﬁ (x; — x,) replacing it by
Z,’Lz vﬁ (x1 — x;) and get that (14) equals

(N? = N)(W, q1q2 (2 — i) /20l (x) — x2) (i1t — 712) V2 p1 p2 W)

N
= N<<\IJ7 (ﬁ—Z - ﬁ)1/2 quqj'vﬁ,()ﬂ — xj)plp_,'(n’i — fﬁz)l/z\l’>>

j=2
N

Zq/‘vf/(xl —x;)p1p; (i — iy) > W
=2

< Ny —m)*q ¥

For the first factor we have since (m(k) —m(k —2))k/N < 2N~'m(k) in view of
Lemma 1(c) that

[y — ) g W||* = (W (i, — mn° W) <2N'ay (¥, ¢).

The square of the second factor is bounded by

N
D (@ — i) 2, pip ok (e — x))qqevl (v — x) @@ — i) py p )
2<j<k<N
N
+ > gy (e — x) pr i — i) 2w (15)
k=2

Using symmetry and Proposition 1(b) the first summand in (15) is bounded by

N2 — 112) W, p1 pagzvly (x1 — x2) Vi (X1 = X3) praaps (7t — Tin) V2 W)

< N2||\/|U,€/(Xl —xz)l\/lvﬁ(xl — x3)| p1gapa (i — i)W |2

< N2/ Il G = )i 14, G — i) g @ |12

< N2|lgl& ok 311G — in) P g w12

<CN7'[pldan (¥, ).
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88 P. Pickl

Using Proposition 1(c) the second summand in (15) can be controlled by

N (@ — i) W, pi pa(vh (x1 — x2))? py pa (i — iiy) /W)
< Nl p1 (Wi (x1 = x2)pillop | G — 7i12)'/2 I3,
< Nl Z vy 1311 — i)' 212, < Cllel|Z, NN N,
It follows that (15) is bounded by
CN el (lelZon (W, ) + CN ¥
thus (14) is bounded by
CllglZon (¥, @) + CllglloN P72,

(c) Using Lemma 1(d) and Cauchy-Schwarz we get for the left hand side of (c)

[(W, (M — m)A1q1q2h1 20 prga V)|

<|l@_y — mn1q1g2¥ || h1 27" prga V.

For the first factor we have using Lemma 1(c)

- PPN N PUPPR
|Gy =AWl = S 107y = AmA* Y|

IA

N |k—-1 k
sup <—| - — (k/N)3/2>
OﬁkﬁN}L N - 1 1\7)L N)L
N@=D/2
N-1"

For the second factor we have using Lemma 1(c), triangle inequality and Proposi-
tion 1(b)
127 g2 W1 < I 2pillop I @2 W Il = 11 2p1 lop
< NN = Doy (1 = x2)pillp
+ Nlaleen)?[pillop + Nllalg(x2)* [ pillop
< NNV = Dligllcollvi | +2aN 1%,
< CN[I@lloo (N = DN 1 jg]l o) -

Since the scaling of v/ is such that [[v/y || = [[v]|N~"+3/2# it follows that (c) is bounded
by
NO-DP2 143/2 2
CN— =T V= DN llglloe + NIl
< Cl¢lloo + @l Z)NG1HP2, O
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